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ABSTRACT

A method to resolve cyclic ambiguities and increase the accuracy and the resolution in the
direction-of-arrival (DOA) estimation using the Estimation of Signal Parameters via Rotational
Invariance Technique (ESPRIT)algorithm is proposed. It is based on rotating the array and
sampling the received signal at multiple positions. Using this approach, the gain in accuracy
and resolution is addressed as function of the mean and variance of the DOA. Simulations
results are provided as a means of verifying this analysis.
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1. INTRODUCTION

Because of the widespread use of sensor arrays, and the continuing development of their
capabilities, sensor arrays have experienced an increased range of applications. One of these
applications that has been given special attention is the high resolution direction-of-arrival (DOA)
estimation. This estimation is mainly based on the processing of the received signal to extract the
desired parameters of DOA of plane waves upon which the sensor outputs depend. The
estimation of Signal Parameters by Rotational Invariance Techniques (ESPRIT) is one of the
many approaches that have been used for implementing the DOA functions[1].In essence, and for
the narrowband direction-of-arrival case, ESPRIT algorithm estimates a unitary diagonal matrix

® with diagonal elements, given by @; = e M#iji=1,..d , where d is the number of sources

impinging on the array from distinct locations 6, 6,,...,6,, as shown in Figure 1, and where the

parameters u; ;i=1,...,d, denote the phase shifts to be estimated. For a uniform linear array

(ULA), it is well known that the phase shift y is related to the angle of arrival ¢ by

Jae-Kwang Lee et al. (Eds) : CCSEA, AIFU, DKMP, CLOUD, EMSA, SEA, SIPRO - 2017
pp- 121- 138, 2017. © CS & IT-CSCP 2017 DOI : 10.5121/csit.2017.70212



122 Computer Science & Information Technology (CS & IT)
u=2mDsin@/ A (1)

where A1is the wavelength of the narrow-band signal and Dis the displacement vector between
two sub-arrays.

Various algorithms were proposed successively to improve the ESPRIT performance. However,
much of the studies show that the performance of these algorithms depends only on the number of
snapshots(n), the number of array sensors(m), and the signal-to-noise (SNR) of the received array
signals [2 ]-[5].

Further in [6]-[8], it was shown that the performance is improved by using multi-scale method,
where the short(D < A/2)and long baselines (D > A/2)are, respectively, utilized to derive the

coarse unambiguous and fine ambiguous estimates for each signal. The final DOA estimate in
this case is determined by using the coarse estimate to disambiguate the fine estimate.

This work shows that the performance of the ESPRIT algorithm is also constrained by the angle
of arrivals of incidence with which the sources are impinging the array, and that the ESPRIT
algorithm produces ambiguities in the estimated DOAs when the antenna element spacing on the
linear array has a measurement error [9]-[10], or when the sources are impinging on the array
with an angle of incidence along-side the ULA, especially for low SNR and limited number of
snapshots.

The purpose of this work is to show that by rotating the array and sampling the received signal at
multiple positions, ambiguities in the DOA estimates are resolved and also more accurate DOA
estimates are obtained. Using this approach, the gain in accuracy and resolution are addressed as
function of the mean and variance of the angle of arrival errors of the sources. An analysis of
simulation results is provided to verify the method described.

2. PROBLEM FORMULATION

This section formulates the DOA estimation problem when using the ESPRIT algorithm and
shows that its performance depends on the angle-of-arrival (incidence) with which the source is
impinging the array. Also it describes the ambiguities produced in the estimated DOA results,
when the antenna element spacing on a linear array is more than half a wavelength because of
measurement errors, or when the sources are impinging on the array at an angle of incidence
along-side the ULA.

2.1. Data Model

Consider an array consisting of two sub-arrays as shown inFigurel. Each sub-array consists of m
elements. The two sub-arrays are assumed to be overlapping, and separated by a displacement
vector D(where Dis a fixed distance equal or smaller than half a wavelength). Assume that
d < m narrow-band sources impinge on the array from distinct locations 6y, 6,,...,6,; .For

simplicity, it is assumed that the sources are narrow-band, no-coherent, coplanar, and that they
are in the far field of the array. This assumption allows modeling the propagation delays between
sensor elements as simple phase shifts, and thus the only parameters that characterize the sources
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locations are their DOAs. In this case, the output at any sensor of the array is the superposition of
the individual emitter’s signals- s (¢), s, (¢),...,s; (t) , weighted by the sensor response.

Sub-arrav
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-

Figure 1. Array Configuration
The received signal at the k™ sensor can be written as

d
X () = Zak (8)s;()e TG 4y (1) )
i=l1
where 7 (6;) is the propagation delay between a reference point and the k™ sensor for the i

waveform impinging on the array from direction 6;, a;(6;) is the corresponding sensor element

complex response (gain and phase) at frequency @y, and 7y (f) is the additive noise at the k™

. . . T
sensor. If we let a(8)=a(8)e "D, 4y0)e A% 4 (8)e7AHD)|" 1o be the data model
representing the outputs of the m sensors of the first (reference) sub-array, then the data model
representing the outputs of the m sensors is given by

d
Xo()=Y a(@)s;(1). 3)
i=1

Now by letting A(8) = [9(91),9(92),...,Q(Hd )] ,S()= (sl (@), 55(1),...., S¢4 (t))T , and

Ny(@)= (n()](t), nop ()., Ny, (t))T, X (?) can be rewritten as:
Xo()=A0)S(t)+Ny(1) 4)

where A() is called the direction matrix. The columns of A(#) are elements of a set, termed the

array manifold, composed of all array response vectors obtained as @ranges over the entire space.
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Likewise, the data model representing the outputs of the m sensors of the second sub-array is
given by

X{(t)=A@O)DPS(t) + Ny (1) &)

where Nj(t) =(ny (1), nyp(1),...., nlm(t))T, and where ®is the previously defined unitary

diagonal matrices with diagonal elements @, given by ¢; = exp{— j2aDsin 6,/ A}, and where A

is the wavelength of the narrow-band signal. N((¢) and Nj(f) represent the uncorrelated noise

present at each antenna element of the first and second sub-arrays, respectively.

In order to estimate the DOA, ESPRIT exploits the shift structure inherent in the relevant signal
subspace that contains the output Z (+) given by:

Xo®)) - Ny (1)
Z(t)= =AS()+ 6
“ [lej “ (Nlmj ©

where A = .
A(O)D

The DOA’s estimation is achieved by separating the 2m-dimensional complex vector space C 2m
of output snapshots into orthogonal subspaces, namely the signal subspace and the noise
subspace. This is achieved by performing the eigen decomposition of the covariance matrix

Ry =E(Z" (1)Z(1))= AR A +0°1 )

where E(.) denotes expectation, R, is the covariance matrix of measurements, Rgis the
positive definite of the stationary (zero-mean) of the signals, and o1 is the spatial correlation

matrix of the uncorrelated noise vector N(7)=(N(1), N, (t))T. In practice, the covariance

matrix is obtained by first collecting n snapshots, Z(t|),Z(t;),...,Z(ty ) of the output, and then

computing the sample covariance matrix as:
by =13 2007
22 ==D . Zt)Z () ®)
"=l

The eigen decomposition of the positive definite and hermetian sample covariance matrix IJQZZ is
given by

2m
&ZZ = /?,ieie;k :E‘S/\SE;k + O-ZEnE;: (9)
i=1



Computer Science & Information Technology (CS & IT) 125

where A is a diagonal matrix with 4 2 4 2.2 4; > 4441 =..=4,

Eg z[el,ez,...,ed] is the matrix composed of the eigenvectors corresponding to the d largest

eigen values that define the signal subspace, and E,, = [€d+1,ed+2,---"’2m] is the matrix of the

Ey

Ey

eigenvectors that span the complement orthogonal noisesubspace. Since the matrices E, =

— (A
and A= (ACIDJ have the same range space, then the intent of the ESPRIT algorithm is to find a

nonsingular matrix 7 of rank d such that

2 | )
= T (10)
E, A®

By eliminating A in (10), the following expression is obtained:
E =E,T"'®T = Ey¥ 11

where ¥ =T'®T . In general, there is no matrix ¥ that satisfies (11) exactly because Eand

E, are equally noisy and their estimates do not span the same column subspace.

The conventional ESPRIT estimates W using the Least Square (LS) criterion, and thus mayyield
in overall inferior results as the LS solution is known to be biased [11]. To circumvent the
conventional ESPRIT algorithm drawback to some extent, the Total Least Square (TLS)-ESPRIT
[11] is used instead to provide asymptotically unbiased and efficient estimates of the DOAs. The
TLS estimates have been shown to be strongly consistent (convergeswith probability one to the
true values). Following [11], a total least square (TLS) estimates of ¥, given E, andE,,is

provided by
Wrs =—Ep2E2 (12)

respectively, where E,, and E,, are implicitly defined by the eigen decomposition of
. df| g} Ey En] | E E
® 0 11 =12 11 *=12
ELE. =| | [Eo |E1]={ ]L .. (13)
E By En] | E; Ej

where L=diag (I,ly,....1;), I >1y>..>1,.
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In practical situations where only a finite number of noisy measurements are available, we have

only an estimates of Wr;¢ of W. In this case, the eigenvalues of W7 ¢, denoted by

)

@; ,i=1,...,d , give estimates of the DOAs as:

éi =sin 11 )zi 127D) , i=1,....d. (14)
)
where 21,~ =arg(@; ).
2.2. ESPRIT Performance

As mentioned earlier, the TLS-ESPRIT algorithm[11] leads to unbiased estimates phase shifts
under the assumption that a very large number of data snapshots are available, a condition
difficult to satisfy in practical situations. When the collected data snapshots are limited, the
estimates do not always approach the asymptotic ones, and the realizable results vary as function
of the estimation error variance of the phase shifts.

In general, if we consider that the estimated phase shifts/l of 4 are determined with an

estimation error Au, and with the assumption that Az is a Gaussian independent process with
zero mean and with variance E (A,uz) = 0'/21 , then from (1), the estimates of the DOAs é of 8

are estimated with an error of

AB = M (15)
27D cos @
Thus, A@is also Gaussian with zero mean and variance
Ao
E(A8?) = £ (16)

471'2D2 cos 2 0

One can clearly see that, as the absolute value of incidence angle @ increases, the variance of the
error A@ will also increase. For instance, consider the case of only one source impinging on the
array with 6, corresponding to a phase shift 4 . If this same source is impinging on the array

with @, , it will correspond to a phase shift #,. With the assumption that|6,|>|6;|, and since
Oy, =0y, =0, the forms of the Gaussian probability density functions of the estimated phase

shifts with means 4 and t, are shown in Figure 2. Likewise the Gaussian probability density
functions of the corresponding estimated DOAs with mean &, and 6, , are shown in Figure 3. If
we choose the intervals u) + z4,,0, andu, £z5,,0, ,Where zz,, is the z value that locates an
area of (1—//2)in the upper tail of a normal distribution, then we are certain that these intervals
will contain estimates of 4 and i, with a probability equal to (1— /) or a confidence level

3 =(1-)100% . However, we point out that while maintaining a constant confidence interval
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for the estimates of the phase shifts, the confidence interval of the estimates of the DOAs will
increase with the angle of incidence. This is depicted in Figure 3, where the confidence interval
for the estimates of 6, is clearly wider than the confidence of the estimates of &; since the error

of the estimates of 6, has larger sample variance than the error of the estimates of §; .
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Figure2. Probability Density Functions of the Phase Shifts
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Figure 3. Probability Density Functions for the DOAs

It is obvious that (16) cannot be made arbitrary small, especially for angles of incidence along-

side the ULA, without putting a constraint on o, . Maintaining a good accuracy of the estimated

DOA simplies having a very smallo,,. This means a higher SNR and/or an increase of the

number of snapshots n. For instance, this is clearly shown for the one source case [3], where the
phase shift estimation error, the SNR, and the number nof snapshots are related by

0-2 —L L (17)
- SNR\ 20 )’
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For more than one source, the relationship between ¢, and the SNR and number of snapshots n

is more complicated [7]. Nevertheless due to the non-linear relationship between the phase shift
and the DOA given by (1), the basic trend is that higher SNR and/or larger n are required to obtain
more accurate DOA estimates or to distinguish between two or more close sources as the absolute
of their angles of incidence increases. That is, ESPRIT is limited by its ability to resolve two
closely spaced sources when their angles of incidence are along-side the ULA. In fact, for low
SNR and limited number of snapshots, ESPRIT algorithm will fail in this case to determine that
there are actually two sources present. It will indicate that there is only one source present.

2.3. Cyclic Ambiguities

Consider the relation, given by (1), where we have tacitly assumed that D = f(A) holds perfectly.

In practice however, due to measurement errors, this holds only approximately. Let AD,
represent the error on D, this will introduce an error on the phase shift as

_ 27mADsin@

18
2 (18)

Au

Because the effective angular range of the ULA has a value —90° <8 <907, the phase shift has a

value in the range — 7 < 4 < . Since the inverse of the mapping # —¢ 7" is aliased outside this
range, then any error on the phase shift, given by (18), may introduce cyclic ambiguities in
estimating the DOAs. For illustration purposes, suppose that D =0.564 (> A/2)and a source
impinging on the array with =85, that correspond to a phase shift of £=3.505. This phase
shift is cyclically equivalent to a phase shift of g =-2.777. ESPRIT will misinterpret this value

and compute the estimated DOA, assuming D =A4/2 to be 8=-62.16" which is very different
from the true DOA at85°.

In short, ambiguous errors due to misinterpretation of cyclically ambiguous phase shift occur in
ESPRIT if

Au>r—lul. (19)

Similarly, for low SNR and small number of snapshots, cyclic ambiguities may occur in
estimating the DOAs for sources impinging on the array at an angle of incidence along-side the

ULA. For D=A1/2, consider the phase shift £ =7 sin @ | resulting for a @ close to 907, as

shown in Figure 4 .

It is noticeable that a small perturbation on the phase shift may lead to a phase shift ﬂl >
This phase shift is cyclically equivalent to the phase shift 2. Again, ESPRIT algorithm will

misinterpret the estimated phase and computes the estimated DOA at a value that is a very
different from the true DOA.
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3. PROPOSED METHOD

In this work, a method is proposed to address the ambiguity, resolution and accuracy problems of
the DOA estimation.

3.1. DOA Estimation

From Figure 5, showing the phase Shift as function of the Angle of Arrival for D =A4/2, one can

notice that if the DOA is kept within the range —30° <8 <30°, then the phase shift u can be
approximated as

_27Dsind _27°D6
A 1801

(20)

271'2D

804
same SNR and/or the same number of snapshots are needed to maintain the same accuracy of the
DOAs.

where 6 is expressed in degrees. This implies that Ay = A8, and thus approximately the

Phase Shift

=5

DOA [Degrees)

Figure 5.Phase Shift as function of the Angle of Arrival for D=A/2

)
Thus, the main idea behind the new method is to map any estimate & of the DOA that iswithin

)
the range of —90° < é <-30%0r30? <8 <90 into the range of —30° Sé <30?. This calls for
the exploration of rotating the array in the elevation plane, as shown in Figure 6, and sampling the
received signals at three different positions.
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Figure 6. Array Rotation Positions

In this case, one expects to get three estimates of the DOAs at the different array positions in the

) ) )
range of —-90° <8 <90°,-30° <8 <150°, and -150° <6 <30°, respectively.

However because the estimated phase shifts outside the range of —7 < [t<7r are aliased, any
2
angle 8" )in the range 90° < 5(2) <150 will appear in the range 30° < é(z) <907, and any
)
angle 6”in the range —150° < éG) <-30° will appear in the range —90? < é ) <_30°, as
depicted in Figure 7.Thus, by considering only the estimates of DOAs in the range of
-30% < é <307 at each array position, we have the following cases:
) ) )
a) If Gi(l) is within the range —30° < é(l) <307, the actual DOA estimate is 6, = Gi(l) .
) )
by 116P s within —30° <4 <30°, the actual DOA estimate is 6, =82 —60°.
) )
o) 1t 6P is within —30° <4® £30°, the actual DOA estimate is 6, =8> + 60°.
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Figure 7. Computed DOAs as Function of the True DOAs at the Different Array Positions

To be more specific the estimation of the DOAs is performed as follows:

Step 1: Using (8), get estimates of the covariance matrices ézzl , 1{2112 , and 1)3123 , obtained from

the data collected at array positions1, 2and3, respectively.

Step 2: Compute the generalized eigen decompositions of {é 7z, In }, {}é 7z, In }, and
{é 7z 1n }, where 1, is the identity matrix.

Step 3: Using Akaike’s information criterion (AIC) or the minimum description length
(MDL)[12], estimate the number of sourcesd;,d, and dsat each array position. Note

that ESPRIT may be limited by its ability to resolve two closely spaced sources when
their angles of incidence are along-side the ULA, the estimation of the number of sources
may vary at the different array positions.

Step 4: Use(9)-(11) to obtain the signal spaces estimates, composed of the eigenvectors
corresponding to the d;, d,, anddjlargest eigenvalues of ézzl, ézq, andé
respectively.

273



132 Computer Science & Information Technology (CS & IT)

Step 5: Using (12), obtain the corresponding three mapping matrices W7 ¢, Wor; ¢ and W3y

' Yen 4 Ve ,

Step 6: Estimate the DOA’s Gi(j) =sin 1(211-(/)/1/2@), where ,21;1);1’ =1l..d;;j=123. are the
phases shifts obtained from the eigen decomposition of Wi, ¢, Yoy g and W3¢,
respectively.

)
Step 7: By considering only the estimates of DOAs in the range of —30° <8 <307, classify
them according the three cases specified above.

The above algorithm also resolves ambiguities in estimating the DOAs.

For D=A1/2, if we denote by 9(1), 49(2), and 6 the angle of incidence at the different

positions of a source impinging on the reference array with 6, and by ,U(D , ,u(z) , and ,u(s) their

corresponding phases shifts, then we will have the following three cases detailed in Table.1

Table 1. DOAs and Corresponding Phase Shift at the Different Array Positions

DOA Phase Shift
Case I -30°<6@ <30° | —z/2<4P <72
0 o
T907=0=300 1 900 <oW <30° | _p< D <_gi2
0 3) 0
~90°<69 <30° | _ 1< /3 <_g/0
Case 2: 30°<6@ <90° | z/2<uP <x
~30<6<30 o
-30°<6"<30° | —z/2<uV <x/2
0 3) 0
—90° <69 230" | _ 0B <0
Case 3: 30° < 0(2) <90° ﬂ-/zgﬂ(z) <r
30<6<90 o
30° <68 <90° 7[/2Sﬂ(1)S7Z'
0 3) o
-30" <6+’ <30 —71'/2S,u(3)Sﬂ'/2

By considering the phase shifts in the complex plane as shown in Figure 8 for the different cases,
only the phase shifts that are in quadrant I or quadrant 4 should be considered to estimate the
DOAs. All others should be rejected. However, one can notice that ambiguities only occur if the
estimated phase shifts that are intended to be in quadrant 2 or quadrant 3are misclassified to be

in quadrant 1 or quadrant 4. However, for this to happen, it will require a perturbation on the
phase shift, given by:

Au>lul—m/?2 (22)
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For illustration purposes, suppose that 8 =85°. Using the conventional case, this corresponds to

a phase of £=3.1296. From (19), any estimate of the phase shift that has a deviation of

A > 0.012from the true (noiseless) phase shift will introduce ambiguities.

:
[
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I )
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Motseless Elgenvalue | ! |
Vi
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GQuadrant 2 lr-'J' Quadrant 1
.......................... 55500 IO
.‘u
Quadrant 3 ] Quadrant 4

Figure 8. Error Effect on the Eigen value Estimation when the three arrays are used.

Now, using the new algorithm, a @=85°will correspond to o =85%( ,u(l) =3.1296),

6% :1450(,u(2) =1.8019), and 6 =25"(,u(3) =1.3277). Note that ‘? also corresponds to
the aliased value 8 (=35%)of 2

It is clear that estimates of 6’(3) that are in quadrant 1, offset by 60° , will be considered to be the
estimates of the actual DOAs. However, since ,U(z) is close toz /2, ambiguities may still occurif
any of its estimates that are intended to be in quadrant 2are misclassified to be in quadrant 1. In
this case, the new ESPRIT algorithm will compute the estimated DOA with an offset of — 60

instead of an offset of 60, which leads to a value that is a very different from the true DOA.But
for this to occur, and using (22), it will require a deviation of Az >0.231 from the noiseless
phase shift, as compared to Ag>0.012using the conventional algorithm. To completethis

discussion, the performances of the two cases are compared. The criterion used for this
comparison is the probability Pa that ambiguities will occur. For the conventional case,and using

(19), the probability of ambiguities can be easily shown to be given by the complementary error
function

2 20,

POED = 1 erfc(—ﬂ._ 4 lJ (23)

Now considering the new method, the probability of ambiguities is given by:
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W _ @, _
P;z>:%e#{|u | 7[/2]+%erfc{l'u | z/zJ o

20, 20,

Using the same example for one source impinging on the array with # =85°and D=1/2, Pa(l)

and Pa(z) are plotted in Figure 9 for various values of the SNR, where 0, is computed from

(17)with m=8 and n=64. The plot indicates that using the new algorithm eliminates ambiguities
in this case even for low SNR.
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Figure 9. Probability of ambiguities

4. SIMULATION RESULTS

In order to demonstrate the performance of the proposed method, the following simulations were
performed. First to show the ambiguities in estimating the DOAs, n(=64) snapshots were
generated at the different 2m sensors with a SNR=0dB for one source impinging on the reference

array with DOA of 85°. The result is brought out by presenting in Figure 10, estimates of the
phase shifts resulting from 10 experiments. One observation may be made at this point.When
using the conventional method, out of the 10 estimates of the phase shifts, 3 of the estimates are
in quadrant 3, resulting in an ambiguous estimation of the DOAs.

However, when considering the estimates derived from the data collected at the different

positions of the array, one can notice that all the estimates of ,u(3) are included in quadrant 1.

These estimates will be used to estimate the actual DOAs. One also can notice that no ambiguities

are occurring as all the estimates of phase shifts ,U(D and ,u(z) are either within quadrant 2,

orquadrant3. This is an encouraging result in when compared to the result wherethe conventional
algorithm is used.
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~
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Figure 10. Estimated phase shifts obtained from data collected at the three different arrays positions

To show that for a low SNR and limited number of snapshots, ESPRIT algorithm fails to
distinguish between two or more close sources when the angles of their incidence is along-side
the ULA, two sources with DOAs of 70° and 75° were considered to be impinging on the array.
We notice that when the conventional ESPRIT algorithm is used, it fails to distinguish between
the two sources for low SNR, as shown in Figure 11(a). However, the new algorithm always
distinguishes between the two sources even for low SNR as shown in Figure 11(b).
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Figure 11. DOA Estimates Using the Conventional and the New Algorithms
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Now, in order to demonstrate further advantages of the performance of the proposed method, the
same two sources with DOAs of 70" and 75° were considered to be impinging on the array.
n(=1000) snapshots were collected at each array position. The performance of new approach is
brought out by examining the results illustrated in Figure 12, and Figure 13, where the bias and
standard deviation are plotted respectively. The estimated DOAs were averaged over 100
experiments. To make the figure less crowded, only the results of DOA of 70are shown. By

L . . ) .
rejecting any estimate outside the range of —30° <& <307, only the estimates of 6® were
considered, and these estimates were offset by 60° to get the actual estimates. To show the gain

in accuracy, the estimates were compared with the ones obtained in the conventional way which

corresponds in this case to the estimates of o . As expected, the new algorithm performed far
better, especially for low SNR. It should be noted that below a SNR =8db, the conventional
ESPRIT failed to distinguish between the two sources or introduced ambiguities, and thus its

estimates were excluded in this range

0.5
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— G
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Figure 12. DOA Bias for the Conventional and the New Algorithms
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5. CONCLUSION

The primary goal of this study has been to develop a procedure to resolve the cyclic ambiguities
of the DOA estimates, and increase their resolution and accuracy. Although the new approach
calls for the exploration of rotating the array and sampling the received data of signals at multiple
positions, this disadvantage is overcome by the gain in accuracy and resolution in the DOA
estimation, and the considerable improvement in reducing the ambiguities that are more likely to
occur when the angle of incidence is along-side the ULA, especially for low SNR and small
number of snapshots. Note that one can first only use the reference array (conventional method)

in estimating the DOAs. If any estimates are found to be in the range—90° <8 <-30 or
) . . . .
30° <8 <907, then these estimates are considered to be coarse estimates, and the array will be

rotated by 60° and —60° to obtain estimates at a finer scale.
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