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ABSTRACT

The operation of substitution in A-calculus is treated as an atomic operation. It makes that
substitution operation is complex to be analyzed. To overcome this drawback, explicit
substitution systems are proposed. They bridge the gap between the theory of the A-calculus and
its implementation in programming languages and proof assistants. A,-calculus is a name-free
explicit substitution. Intersection type systems for various explicit substitution calculi, not
including Ao-calculus, have been studied by researchers. In this paper, we put our attention to
A,-calculus. We present an intersection type system for A,-calculus and show it satisfies the
subject reduction property.
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1. INTRODUCTION

In A-calculus [1], the operation of substitution is treated as an atomic operation. But in the
presence of variable binding, substitution is a complex operation to define and implement and
may cause size explosion. Therefore, substitutions are delayed and explicitly recorded, in
practice. Contrast to the A-calculus, explicit substitution decomposes the higher-order substitution
operation into more atomic steps. In these last years, several explicit substitution systems have
been proposed [2-5]. They are divided into two kinds: named, such as Ax,., and unnamed, such
as As,., Ao. Director strings were introduced by Kennaway and Sleep [6] and generalized by
Sreedhar and Taghva [7] to capture strong reduction. Fernandez et al. [8-9] present the open
calculus A, which can fully simulate the S-reduction. 4,-calculus offers an alternative to de
Bruijn notation [10] for unnamed calculi. Terms are annotated by director strings which indicate
how the substitutions should do. All these explicit substitution calculi provide bridges between
formal calculus and their concrete implementations. They lead to a more pertinent analysis of the
correctness and efficiency of compilers, theorem proves, and proof-checkers.

Intersection type was introduced in [11-12] to overcome the limitations of Curry’s type
assignment system and to provide a characterization for the solvable terms of the A-calculus. It
extends simple types to include intersections and adds corresponding rules to the type assignment
system. It has been used to characterize strongly (weakly or head) normalizing or solvable terms
in many variants of the A-calculus [13-15] and to prove properties in A-calculus, such as
termination [16]. Moreover, approximation theorem, which is an important result in A-calculus,
also can be proved by intersection types [17].
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Related works. Several intersection types for explicit substitution were studied. Dougherty and
Lescanne [18] studied the relationship between intersection types and reduction (left reduction
and head reduction) of Ax.Lengrand [13] characterized strongly normalizing terms of Axg.with
intersection types.Ventura et al. [19] presented an intersection type system for Agpand showed the
subject reduction property. Ventura et al. [20] introduced intersection type systems for
As,., Aa, Av-calculus and proved the subject reduction property for them. The intersection type
system in [20] cannot be directly adapted to 1,-calculus because there are no number indexes for
variables. We cannot find the type of the variable from the type environment considered by
searching the index. So, the difficulty for the intersection type system for A,is to build the
correspondence from variables to the type environment.

To our knowledge the intersection type system for A,-calculus has not been studied. In this paper,
we introduce an intersection type system for 4,-calculus and prove the subject reduction property.
The rest of this paper is structured as follows. In Section 2, we provide the term syntax of 4,-
calculus. We present the intersection type system for A,- calculus and show the subject reduction
property in Section 3. We conclude in Section 4.

2. LAMBDA CALCULUS WITH DIRECTOR STRINGS A,

2.1. Term Syntax
We recall some definitions and properties of the A, from [8], adding some notations.

Definition 1. (A-calculus with Director Strings [8])
Four syntactic categories are defined:

o Directors: We use five special symbols, called directors, ranged over by a, v, 6:

1. N’ indicates that the substitution should be propagated only to the right branch of a binary
construct (application or substitution, as given below).

2. ‘¢’ indicates that the substitution should be propagated only to the left branch of a binary
construct.

3. ‘2’ indicates that the substitution should be propagated to both branches of a binary construct.

4. ‘1’ indicates that the substitution should traverse a unary construct (abstraction and variables,
see below).

5. ‘—° indicates that the substitution should be discarded (when the variable concerned does not
occur in a term).

e Strings: A director string is either empty, denoted by €, or built from the above symbols (so is
of the form a;a, --- @, where the «; 's are directors). We use Greek letters such as p,o ... t0
range over strings.

o The length of a string o is denoted by |o|. If « is a director, then a™ denotes a string of a 's of
length n. If o is a director string of lengthnand 1 < i < j < n, o0; denotes the i th director
of o and o\; = 0y - 0;_10y41 -0, IS o where the i th director has been removed. o; ; =
o; -+ 0 is our notation for substrings. We use o, to represent the o where all - have been
removed.
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|a|; denotes the number of v and 2 occurring in o, |o|, the number of N and 2, |o|;- the
number of 2, and |o|, the number of directors that are not —. |a|_ is the number of directors
that are —.

e Preterms: Let o range over strings, k be a natural number and ¢, u range over preterms, which
are defined by the following grammar: t::=0%| (1 t)?|(tw)?| t[k/u] o .

o Terms: Well-formed terms are preterms that recursively satisfy the conditions in Figure 1.
where U = (I |=)"and B= (¢ | 2|V ]|—)"*.

Name Term Constraints

Variable |07 cel,loly =1

Abstraction |(At”)? ocel,lpl=lol++1

Application |(t*u”)? |0 € B, |p| = |o|;, |v| = |o|,
Substitution|(t’[k/u”])? |0 € B, |p| = |o|i + 1, |v| = |o|r, 1 < k < |p]

Figure 1.Term Condition

A variety of different term constructs [8]:

gpresents variables,

(AtP)? is an abstraction,

(tu)? is an application,

t[k/u]? is an explicit substitution, meaning that the variable corresponding to the k"
director in t's string is to be replaced by u .

Remark 1.
e GivenatermtP, |p|, isequal tothe number of free variables in t.
e Inan abstraction (At”)?, the last director in p corresponds to the bound variable.
o Parentheses will be dropped whenever we can, and omit the empty string € unless it is
essential.
We give an example:

Example 1. If we consider variables {y,z, w}, and the pure A -term t = A x.xyw. The term in
Ao-calculus corresponding to (use the function defined in [8]) t is (A (o'ot)>“mh)” )¢,

2.2. Reduction rules

The Beta rule is aimed at eliminating B-redexes and introduce an explicit substitution. It is
defined by

Mu~ (t] p, +1/u])*
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where T = Y, (0, p)with ¢, defined in Figure 2.

Definition 2. (Reduction Rules [8])

Reduction rules in A, contain the Beta rule and propagation rules in
Figure 2 with:

mw & €) = € (€ €) = €
ma,p) =-mop) wW(woav) = -u
m(¢ g,ap) =an(o,p) W ov) = —m
m(2o,ap) =amn(op) (2 oav) = an
m(—a,p) = —m(a,p) w(-a,v) = —-m

Other functions used in the propagation rules are defined in
Figure 3. The functions used in the propagation rules just compute the ad hoc director strings.
They are generated recursively in the same way as above from the tables
Figure 3 [8].

Name Reduction Cond.

Var |(O°[i /v'])° ~, VT where t = 7'(0, v)| pi=|

App, [((tw)?[i/v])® ~o (VDY )" pi=/
where v = ¢(o, p;), T = Y1(0, p;), J = |p1.ili

App, |((tw)’[i/v])” o (t(ulk/vD)?) pi=\
where o = ¢, (0, p;). T = ¥2(0, p;). k = |p1.il,

Apps |((tw)?[i/v])? ~o o ((ELJ/VD)Y (ulk/vD)?)T pi=2
where v=¢;(o, p;), 0=0¢,(0, p;), T=Y3(0, p;), J=Iprili. k=|p1ilr

Lam [((A)°1i/¥)° e, (ratimd) pi=4
where v = (0, p), T = Ya(0, o))

Comp|((t[j/al)’li/¥vD?  ~,  (t[j/(u[k/v])*]D" pi=\
where w = ¢, (0, p;), T = V(0, p;), k = |p1il,

Erasel(r”[i/v])” g T where T = n (0, p;)|pi= —

Figure 2. Propagation Rules P

a1 p1|| P |Pr |01 [Y2|3| T o1 p1||Yd|Pa|Vs
Ve[V N = Vel bV
N el /NN VN ii iii
VARV | IV I RV R4S VN V4 ==
/ =2/ /12l=l=2l= ;f—i—
=2 \([\V[=[=] N =N AU | B N b
= /[=2[\ | |=l=le T oIIVIA
— ellelel=|=|=|=

/ —llele|l—|—|—|—

= —|IVIV N = -

Figure 3. Functions used in the Propagation Rules
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3. THE TYPE SYSTEM

3.1 Intersection Types

We take the idea from [20]. Environments are sequences of types instead of type assignments and
types are non-idempotent intersection types [21].

Definition 3.

1. Intersection types are defined by:

where A is a denumerable infinite set of type variables.

2. Environments are ordered lists of types u € U , defined by T ::= nil | u.T'. nil is the empty
environment. We use I, A..to denote environments.

3. Aterm tis typable if there are some I', o suchthat '+ ¢:p .

[T| is the length of T' and |nil| = 0.T; istheith typeinT. T; isthe firsti — 1 typesin I and
Iy, Iy, Is; are similarly defined. If i = 0, then I, .I' =T,,.T" =T. If i is equal to the length
of I',thenl.Ty; =T.I5y =T.

i =T I, isT where the i th type has been removed. I; ; = I;.---. T}, is a sub-environment

of I'. T, is T where all — has been removed. Q™ denotes the environment Q.---.Q of length
n.

3.2 Type System for 4,

We first define some functions which will be used in defining the typing rules. It gets a new
environment from two environments according to a director string.

Definition 4. The function Intersection(T, A, o) is defined by Algorithm 1.

Algorithm 1 Intersection(l’, A, o)
1: Let n = |a|; I = 2™
2: fori=1;72 <n;i+ + do
3: if 0, == then

4 Iy = Lo o1 NV Aoy 410
5: else if o, =/ then

G: F; :I‘iﬂ'l..-i\z;

7 else if o; =\ then

8: I = Aoy 41,

9: end if

10: end for

11: return 7.
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Definition 5. The function AddErase (T, o) is defined by Algorithm 2.

Algorithm 2 AddErase (I, 0)

Let n = |o|; I = 2™

fori=1;i <n;i+ + do
if 0, # — then I'] = I, ,|.;
end if

end for

6: return I,

Definition 6. The function Drop(T, o) is defined by Algorithm 3.

Qs Wi

Algorithm 3 Drop (I',a)
I Let n=|o|; " = 02"
2 fori=1i<ni++ do
3 ifo;=/org; == then I[ =T}, |;
4 end if
5: end for
6: return I”.

Definition 7. (Typing Rules)

Typing rules for Ao are defined by Figure 4 where (*) is p =o_+ and functions are defined in
Definition 4, Definition 5 and Definition 6.

put=t:o0
AddErase(I,o) F (AtP)7 1 p — o

(var) (abs)

onilt-0O%:p
I'Etr:p *)
AddErase(I,o) -t7 : p
FrFting —o0 AFu:g Vkel{l, ., n}
Intersection(, NAF, o) - (tu)? : o
FepAgpdsiFt:o AFFu:q Vke{l,..,n}
Intersection(I3;, NA*, o) & (t[i/u])” : 0
I'tt: 0 AlFwu:g
Drop(Ii, o) b (¢[i/u])” : 0

(1)

(app)

(cut)

pi # —

(drop)

Pi = —

Figure 4. Typing Rules
Lemma 1. (Generation Lemma)

1. T'+ tho:pandp = o, ,thenT = AddErase(I",0) and T’ + t”:p.

2. '+ O"o:p,ifg; # —thenl; = o.

3. T (At)? : o, then ¢ =u—-¢ forsome ue U and ¢€ T, where I,.ut+
tP:p.

4. T'+ (tu)? : o, then I' = Intersection(I",4',0) suchthat I'' + t: Ag, — o,

A =nlaA% and V1< k< nA% - wg.
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5. I'+ (tP[i/u])?:0 and p; # — ,then I' = Intersection(l;, 4’, ) such that
LA T b tg, A =nl A% and V1< k< n, A%+ u}igy.
6. '+ (tP[i/u]))?:0 and p; = —,then (F5|P|)\i F tP:o and 4 + u:g.

Proof. By induction on the structure of derivations.

Lemma 2. I'k tP:p , then |I'| = |p| and the [; is the type of the variable which p;
corresponds to.

Proof. Induction on the structure of tP.

1. O°,itis immediately.

2. (AtP)?.ByLemmalrl,.ut+tP:p forsomep€e Uand ¢€ T, where g =p—
¢. By induction hypothesis, |I,.u| = |p| and T, is the type of p;. By term
conditions, |p| = |o|, + 1. From the definition of AddErase, we can
get || = |o| and I is the type ofo;.

3. (tPuY)°. By Lemmal, T = Intersection(I’,A’,0) suchthat T' + t?: Ag —
o, V=n"A% and V1< k< nAXF u¥:g . By induction hypothesis,

IT'l = |p| = loly, I is the type of the variable which p; corresponds to and
|A’] = |AX| = |v| = |ol.,A] is the type of the variable which v; corresponds
to. From the definition of the function Intersection, we easily get
|Intersection(I’,A’,0)| = |o| and I} is the type of the variable whichg;
corresponds to.

4. T+ (tP[i/u])?:0 and p; # —, itis similar to the last case.

5 Tk (t°[i/u])?:0 and p; = —, it is immediately by induction hypothesis and the

reduction rule.
Theorem 1. (Subject Reduction)

LetI'tt:0. Ift~ u, thenT - u:o.

Proof. By the verification of subject reduction for each reduction rule of the A,-calculus.

e (Beta): Let ' ((At)Pu)*o : 0. We want to prove that T - (t[|p|, + 1/u])*:0. By
Lemma 1, we have the following derivation:

I ANg.Ft:p
I'" = AddErase(Iy, p) F (M)P : Ag — 0
I' = Intersection(I",NA*, o) F ((At)Pu) : o

Vlgkﬁn,ﬂk}—u:gk

By Lemma 2, |T’'| = |p| and Ij is the type of the variable which p; corresponds to. I, =
Intersection}(I,, A',t) - (t[|pls + 1 /u])®:o by rule (cut). Suppose the variable o;
corresponding to is x, observing the procedure and the definition of ¢y:
1 o; =N Then 7y =N; Iy, =4y, .- [} =45, - They are the type of u,
(variable x in uw). I, =T;.
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4.

Therefore, T
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o; = . o; indicates the substitution is propagated to the left branch of ((At)Puw).
Ifp;+ — 1, =</ =0 I isthetypeof t,. Letm = |oy;l;and n = |py ]+ -
[} = I,. 7; indicate the substitution is propagated to the left branch ¢. It is the
type of t,. [, = F2|T1..i|l . If p, = —, then t; = —. The variable does not occur
in the two terms. Then[; = Q =1T7,.

o; = & indicates the substitution should be propagated into both branches. If p; #
- 1 =2letm = o, and n = [o il p = lpimle - T = szn(n
Ak)n. It is intersection of the type of t, and u,.7; = 2 indicate the substitution
should be propagated into both branches. Let m' = |7, ;|; and n' = |ty ],
Iy =Ty, 0 (NAY) , . Itis intersection of the type of ¢, and u,. If p; = —,
7y =N.ThenTy; = A, . ,itisthetype of u,. T; = A,  , itisalso the type of
Uy.

o, = — thent; = —. Soly; =T

= Fl'

(Var): Let T'+ (O”[i/ v])°:0 and p; =1. We want to prove thatT + v:p.By
Lemma 1, T = Intersection(F\’i,A’,a), [LiAG. I -oOP:pand V1< k<
nA¥ - vig, By term definition, p; = — for allj#i So I; =
QlP1=1 Observing the procedure of function Intersection.

op =2 orog; =N. I} =QNnA, | =4, | .ie Tjistypeof the {|oy ,th
variable.
g, = —OrO'i =/. Fi = ().

By Lemma 2, it coincides with the definition of 7'

o (Erase): Let T+ (tP[i/v])°:0and p; = — We want to prove that T - t*: 0.By
Lemma 1, and Lemma 2, it is easily to get that Drop( T, ¢ ) is coincides with .

e (Lam): Let T+ ((A)P[i/ v])°:0 and p; =1. We want to prove that T+ (A(t[i/
v])V¥)?: 0.By Lemma 1, we have the following derivation:

I pEt: ¢

2 WI<k<nAFfRwig Il =Ac
I'F(Myp:0 02" visk L =A%k
I = I]:lter'section(1_'\"1‘7 NAE o) : (At)P[i/v])7 : o

where u — ¢ = p. Hence

I'pkbt:¢ Y1<k<n /_'\ka:ngi':ﬂ?g'k
I, = Intersection(F\’i,A’,u. D)k (Eejo])d p— ¢
I'y = AddErase(I,v. /) F (A(E[i/v])»4)7 2 o

Observing the definition of ¢, there are no — 's in v. Suppose the j th variable is x.
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O']:\/,ID]: -, Vj:E,Tj = - FZJZQ:FJ

oj =¢,p; =1, vy =¢, 1; =l.0; = / indicates the substitution is propagated to the
left branch (A t)P. Letm = |01--f|z' I; is type of the variable p,, corresponding to,
indicated by &, (variablex in t). I; = F'\im.vj = ¢ indicates the substitution is
propagated to the left branch ¢. T, ; is the the type of ¢,.. Letm' = |T1"j|+ andn’ =
v.Z | Ty =Ty, = r’\in,.

o, =Np;=¢€v; =\7 =l Let m be |T1"j|+. The type of I, =Ty, =
Allvl..mlr' I; = Aiall_”r. o; =\ indicates the substitution is propagated to the right
branch v. Let m = [oy | . T; is the type of v,. I; = (N A"")m. v; =\ indicates
the substitution is propagated to the right branch v. T, i is the type of v,.. Letm' =
|T1__j|+ and n = |V. \/1]|l r2] =F1m/ :F’\l’n’.

o, =2,p; =1, vy =2,1; =1l. g; =2 indicates the substitution is propagated to
both branches t and v. Let m = |01"]-|l,n = |01"]-|r. I'; is intersection of the type
of ty and u,. Ij = F’\im n (nA¥) .v; =2,7; =L indicates the substitution is
propagated to both branches t and \. T', jis intersection of the type of t, and v,.. Let

m' = |T1"]-|+,n’ = v.dimli,p'= v.d1mlr sz =Iy, = r’\in' N (ﬂ Ak)p"
o =2,p; = —, v; =N,71; =1 g; =2 indicates the substitution is propagated to
both branches t and v. I'; is intersection of the type of t, and v,. p; = —, the type

of t, is Q. So I is the type of v, . Letn = oy ;| , T; = (n AF) Letm' =

|71 j|+,n’ = |vy.ml The substitution is propagated to right branch v. T'; jis the type
— _ k

of v, . Tp; =Ty, = (nA )n,.

0 = —,pj =€ Vj =€T = —. F2]=Q =Fj

e App,, App,, App; and Comp are similar. We just show the case App;. Let T+
((tw)P[i/v])?:0 and p; = . We want to prove that X + ((t[j/v])'uw)*: 0. By Lemma 1,
we have the following derivation.

Hence

Nbt:Nd, s o VI<k<nI*Fu:d,
I'" = Intersection(I,NI'% p) : (bu)? : o
I' = Intersection(I\;, NA¥, o) « ((tw)r[i/v])7 : 0

Vi<k<nAfFov:g I,=Ag

NkEt:N—op Vi<k<nAFFw:q Iy = Agk
Iy = Intersection (I ;, NAK, v) = (¢[j /v])” : Ak — 0
I'" = Tntersection (I, NIk, 7) = ((E[j/v])*u)™ : 0

Vi<k<nT*Fu:v,
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For better reading, we use variable names. Suppose the mth variable is x.

1) 0y, = — pm =€, VvV =€,1T, = — . The m th variable does not occurs in ((tu)”[i/
v])?and ((t[j/vD"w)*. T}, =T = Q.

2) o, = .The mth substitution is only considered on the left branch of ((tw)”[i/v])°.
Itisthen = |oy_nlithinp.

a.

d.

Pm =Y, Vpy = €,Ty, =\ The n th substitution is only considered on the right brach
of tu.lItisthep = |p; |, thinwu s director string. The variable p,, corresponding to

is denoted by u, (variable xinu). So T, = (n A")p . It is the type of u,. The mth

substitution is only considered on the right branch of ((t[j/v])"w). It is the n' =
|T1.ml,th inu 's director string. So Iy, = (n A")n,. It is the type of wu,.

Pm =Y, Vym =V, Ty = ¢. The nth substitution is only considered on the left brach of
tu. ltisthe p = |p;_,l;th in t's director string. The variable is denoted by t,.. [}, =
F1p and it is the type of t,. The m th substitution is only considered on the left branch
of ((t[j/v])¥w). ltisthe n’ = |ty ,[;thin (¢[j/v]). Thenitisthe p’ = |v, | in t
'sstring. So I, = Flp, and it is the type of t,.

Pm =2, Vy =Y, T, =2 . The n th substitution is considered both on the left and
right braches of tu. It isthe p = |py ,l;thin t'sstringand q = |py.lthinu's
string. T =Ty, N (n F")q. It is intersection of the type of t, and u, . The m th
substitution is considered both on the left and right branches of ((t[j/v])"u). It is the
n' = |t mlithinv. Thenitis the p’ = |v, r|; In t'sstring. q' = [ty |y inU'S
string. So [, =Ty v N (n l"")q,. It is intersection of the type of £, and u,.

Pm= = Vm=6Tn=—.0, =, =Q

Sol' =T".

3) om =& or o, =\. These two cases are similar to 0 =¢. We can get I' = I"' from
the sketch of the last case.

3. CONCLUSIONS

Ao-calculus is an unnamed explicit substitution calculus. Director strings are added to indicate
how substitutions should do. It offers an alternative to de Bruijn notation. It can be used in
theorem prover implementation. A,-calculus fully simulates the (-reduction in classical A-
calculus and it preserves the PSN property. In this paper, we propose an intersection type system
for 4, and prove the type system satisfies the subject reduction property. If a term M can reduce
to N, if M is typed by g, then N is also typed byp. In the future work, we will try to prove that a
typable term in this type system is strongly normalizing and try to show a term is strongly
normalizing if and only if it is typable in a certain intersection type.
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